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BREADTH TWO TOPOLOGICAL LATTICES

WITH CONNECTED SETS OF IRREDUCIBLES

BY

J. W. LEA, JR.

ABSTRACT.  Breadth two topological lattices with connected sets of

irreducible elements are characterized by these sets.

1. Introduction. In the study of topological lattices and semilattices on

the two cell, the boundary arcs have played an important role. A. D. Wallace

[18], D. R. Brown [4], and A. Y. W. Lau [8] have given conditions under which

the boundary generates the lattice or semilattice. J. B. Rhodes [16] has shown

that two such lattices are iseomorphic (homeomorphic and isomorphic) if their

boundaries are order isomorphic.  Rhodes, for metric lattices, and the author, in

the general case, have found that the meet and join irreducible elements are con-

tained in the boundary [16], [13].

In this article we establish conditions for the boundary of a topological lat-

tice on the two cell to consist entirely of irreducible elements. These lattices

may then be characterized by their chains of irreducible elements.

In §4 we shall extend the study to nondistributive lattices of breadth two.

The only use made of the metric condition is that any two nondegenerate

arc chains (compact connected chains) are iseomorphic. Thus the results are valid

in any class of lattices having this property.

2. Preliminaries. The width w(X) of a partially ordered set X is the maxi-

mum number of elements in a set of incomparable elements.  For x E X we let

M(x) = {yEX:x <y} and L(x) = {y EX: y < jc}; when x < y, then [x, y]

= M(x) n ¿0).

Let L be a bounded lattice and C a chain in L which contains 1 and which

is closed under arbitrary meets in L. Then sc: L —*■ C is defined by sc(x) =

A {v EC: x <y} for all x E L.  In [2] it is shown that sc is a join homomor-

phism, x < sc(x) for all x E L, sc(p) = p for all p E C; also sc is a meet homo-

morphism when C consists of prime elements. We shall use tc for the dual notion.
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We let M(L) [J(L)] denote the set of all meet [join] irreducible elements of

L; also A* and A° denote, respectively, the topological closure and interior of A.

3. Distributive lattices. The two goals of this section are to establish con-

ditions under which M (L) U J(L) is the whole boundary of L and to characterize

L by M(L)UJ(L).

Theorem 3.1. Let L be a compact topological lattice of finite breadth with

M(L) connected. If no meet irreducible is a cutpoint of L, then L has no cut-

points.

Proof.  If the breadth of L is n, then the continuous function (M(L))n

—* L defined by (xx, . . . , xn) h»xx A • • 'Axn is onto [2]. Thus L is connected.

Suppose p EL is a cutpoint. Then L = L(p) UM(P) [1 ]. Since 1 GM(L), then

M (L) n (M(p)\{p}) ±0. Let x E L(p)\{p} and let x = x, A- ♦ -A xn with all

x¡ E M(L). For some /, we have x¡ E L(p)\{p}; hence M(L) O (L(p)\{p}) i= 0.

Thus M(L) has a nontrivial separation. But M(L) is connected; therefore L has

no cutpoints.

Theorem 3.2. Let L be a compact connected topological lattice of finite

breadth with w(M(L)) = 2. Then L is iseomorphic to a sublattice of a direct

product of two arc chains.

Proof. The breadth of L is two [12] and so L is modular [6]. Thus L

is distributive [3, p. 66] ; hence the conclusion follows [2].

A lattice has meet (join) representations if each element is a meet (join) of

meet (join) irreducibles.

Theorem 33. Let L be a bounded distributive lattice of breadth two which

has finite irredundant meet and join representations and for which w(M(L)) = 2.

ThenM(L)nj(L)*0.

Proof.  If 0 G M(L), we are done. Suppose {x, y} C M(L) is meet irre-

dundant and 0 = x A y. Suppose also that x = a M b with a, b E J(L). If a =

a, A a2 and b = bx A b2 with ap a2, bx, and b2 E M(L), then 0 = x A y >

a Ay = ax A a2 ^ y; thus 0 = ax A y or 0 = a2 A y or 0 = ax A a2. If the

latter case holds we are done since then x = b E 7(7). Thus suppose 0 = ax A y.

Since L is distributive, x ~ax [3, p. 58]. In a similar manner x = bx or b2; say

x = b2. Since w(M(L)) = 2, two of «,, a2, bx must be comparable. It is now

easily verified that a, b, or x must belong to Af(¿) O 7(7).

Definition 3.4.   If L is a lattice with 1 and C is a chain in L, then C is a

coordinate chain of L if

(0 lee,
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(ii)  C is closed under arbitrary meets in L, and

(iii) xEC implies x =/\D for some D C M(L) n C.

A marginal element of a space is an element of the cohomological bound-

ary (see [10]).

Theorem 35. Let L be a compact connected distributive topological lat-

tice of breadth two.  Let A and B be coordinate chains for L and C and D their

respective extensions to maximal cliains from 0 to 1. // p £ C U D, then p is

not margiiml in L.

Proof.   Let p E L\(C U D). Then p = sA(p) A sB(p). Under the iseomor-

phism mentioned in Theorem 3.2, the image of p in A x B is (sA(p), sB(p)) E

(Im(L))°.  Since p £A U B, then sA(p) (sB(p)) is not marginal in A (B). There-

fore (sA(p), sB(p)) is not marginal in A x B [10]. Thus p is not marginal in L.

K. Obcrhoff has obtained a result similar to Theorem 3.5 assuming that the

underlying space of L is the product of two arc chains [15].

Theorem 3.6. Let L be a compact topological lattice of finite breadth

with no meet irreducible cut points.  IfM(L) and J(L) are both the union of two

arc chains, then the set B of all marginal elements of L is equal to M(L) U J(L).

Proof.   That M(L) U J(L) C B follows from Theorem 3.1  above and

Theorem 2.1 of [13].  Let C and D be coordinate chains and extend C and D to

maximal cliains 5 and T from 0 to 1.  Let x E B\{0, 1}.  By Theorem 3.5, x E

SUT.  Suppose x E S\M(L) U J(L)).  By Theorem 3.3, there exists an element

yEM(L)C\J(L)DS.   Either x < y or y < x.  If x < v.let x * s Vf with« e

J(L) n 5 and t E J(L) n T.  Then [J(L) nsn L(X)] U [J(L) nsn M(x)] is a

nontrivial separation of the connected set J(L) n 5.  Thus B C M(L) U J(L).

If 5 and T are the chains in Theorem 3.6, then it is easily verified that L =

5 A T= S V 7*and 5 0 7'= {0, 1}.

We shall now characterize the lattices of Theorem 3.6. If A = M U/ is an

arc chain from 0 to 1 in a lattice L with M and J nondegenerate arc chains con-

taining, respectively, 1 and 0, then we have exactly five possibilities:

PI. A=M = J;

P2. A = M and V7 = p where 0 <p < 1;

P3. A=J and AM = p where 0 < p < 1;

P4. M n J is an arc chain from p to q with 0 < p < q < 1 ;

P5. Mnj= {p} and0<p< 1.

Definition 3.7.   Let L be a compact distributive topological lattice of

breadth two.  Let Ax and A2 be arc chains from 0 to 1 satisfying for / = 1,2:

(1) A^M.UJ,;
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(2) M¡(J¡) is a nondegenerate arc chain containing 1 (0) and M(L) = Mx

UM2 [7(7) = 7, U72];

(3) Ax nA2 = {0,\}.

Then L will be called an IC-lattice.

For the remainder of this paper all lattices will be assumed metrizable.

Theorem 3.8. 7/7 is an IC-lattice and both Ax and A2 satisfy P5, then L

is iseomorphic to the direct product of two arc chains.

Proof. Clearly px EMX O 7, and p2 EM2 f~i72 are complements. The

theorem is thus a direct application of Lemma 2 of [5].

We shall need the following lemma.

Lemma 3.9. Let L be a bounded topological lattice with A and B arc

chains from 0 to 1. If

(i) sB\A(x) = 0 if and only ifx = 0, and

(ii) y E M(x)° whenever x, y E A and x < y,

then sB \A is one-to-one.

Proof. If sB \A is not one-to-one, then for some x, y E A with 0 < x < y

we have sB \A(x) = sB \A(y). It follows easily that (B n M(x)°) U (B\M(x)) is a

nontrivial separation of the connected set B.

An IC-lattice in which Ax and A2 both satisfy PI is usually called a banana.

An example in the plane is L = {(x, y): 0 < x < 1, x2 < y < -¡Jx} with the

usual topology and order of the plane.

When a chain has a subscript C¡, then we use s¡ for Sc¡-

Theorem 3.10. IfL and l! are IC-lattices and Av A2, A\, and A2 all sat-

isfy PI, then L is iseomorphic to l!.

Proof.   The theorem is proved by explicitly constructing an order isomor-

phism of Ax U A2 onto A\ U A2. It will then follow from Corollary 3.9 of [16]

that L is iseomorphic to L'.

We begin the construction by partitioning the arcs A¡ as follows. Let qQ G

A2\{0,1}. We define

Pq = ii(<70)> and for « = 1, 2,.. .,

P2»-l = tx(t2tx)n(q0),

P2n = Sl(S2Sl)"   'fao)'

?2n-l = (ViVCío). and

<?2n " (s2sl)n(lo)-

With these points we partition Ax into the following subarcs:

P(0l) = Aln\pl,po],

P(02) -Ax n \p0, p2], and forn - 1,2,...,
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P(2n-l,2n + l) = Ax n \p2n+x, P2„_i], and

P(2n, 2n+2) = AxD \p2n, p2n+2\.

We define the partition of A2 similarly using qn, qx, etc., to obtain 0(01),

ß(02), etc. Primes are used to denote the corresponding sets and points of L'.

Let g: P(02) —*■ P(02)' be any iseomorphism onto P(02)'. We define /: L

^L'by

(Î) f\P(02) = g;

(Ü) f(0) = 0,f(l)=l,f(qo) = q'o;
(iii) if xE Q(01), then f(x) = t'2gsx(x);

(iv) if x E ß(02), then f(x) = s'2gtx(x);

(v) if x E P(01), then f(x) = t\t'2gsxs2(x).

This process may be continued inductively for each of the remaining sub-

arcs of Ax and A2. By applying Lemma 3.9 above and Lemma 2.3 of [12] we

see that the restrictions of the s and t functions to the A¡ are iseomorphisms.

Thus /maps a subarc of A¡ iseomorphically onto the corresponding subarc of A\.

Finally it is straightforward, and tedious, to verify that /is an order isomorphism

on Ax U A2.

For the nonmetric case, we define/on L\AX U A2) by f(x) = f(xx) A

f(x2), where jc = xx A x2 is the unique representation of x as a meet of meet

irreducibles. Then / is easily shown to be an isomorphism on L. To see that /

is continuous we observe that for each interval [a, b] C l!,

r\\a, />]) =r\M(a) n L(b)) = M(Tl(a)) n L(T\b))\

hence/-1 ([a, b]) is closed. Since L and L' have the interval topology [9] ,/is

continuous.

Since each of the arcs Ax and A2 of an IC-lattice may satisfy any one of

the conditions PI to P5, there are twenty-five lattices possible. Eighteen of these

possibilities yield lattices unique in the sense of Theorem 3.10. The seven excep-

tions are:

(1) Ax satisfies PI and/l2 satisfies P4;

(2) Ax satisfies P2 and A2 satisfies P4;

(3) Ax satisfies P2 and A2 satisfies P3;

(4) Ax and A2 both satisfy P4.

The other three cases are obtained by interchanging A x and A2 in (1), (2),

and (3). Eliminating those cases obtained by such interchanges leaves us with fif-

teen distinct lattices.

Suppose L is an IC-lattice with Ax and A2 as in case 1. Then sx(p) and

tx(q) may be the same point or distinct points of L; see Figure 1. Thus the lat-

tices in Figure 1 are not iseomorphic.
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4. Nondistributive lattices. In this section we shall extend the methods of

§3 to compact connected topological lattices of breadth two for which w(M(L))

= 3. Such lattices are modular [6] but nondistributive [2, 3.1], [12, 2.10].

Examples of such lattices have been constructed in the three cell by D. E. Ed-

mondson [7].

The difficulty in extending the methods of §3 is the lack of uniqueness in

the representation of elements as meets of two meet irreducibles. When w(M(L))

= 3, the set of neutral elements of L is an arc chain which can be used to recover

the needed unique meet representations. An example will be given to show that

if w(M(L)) > 3, then the arcs of irreducibles are not sufficient to characterize L.

Definition 4.1. A lattice L is an E-lattice if 7 is a compact connected

topological lattice of breadth two with M(L) =U,i XM¡ where, for /, / = 1,2, 3,

(i) M¡ is an arc chain,

(ii) 7(7) = UjLiT,- and J¡ is an arc chain,

(iii) A¡ = M¡ U J¡ is an arc chain from 0 to 1,

(iv) A¡ n Aj = {0, 1} when I =#/,

(v) M, nj. = z¡*0,

(vi) z¡ A Zj = 0 when / # /.

In Definition 4.1 the chains A¡ are the boundary arcs. Thus in an ¿T-lattice

all the A¡ satisfy P5. As only minor modifications are needed to pass from this

case to any other of the 125 possible cases, we shall present only the details of

this case.

Theorem 42. If L is an E-lattice, then

(i) Jt = [0, z¡ ] C M¡ A Mj when i ± j, and

(ii) p EL impliesp belongs to at least two ofMx A M2, Mx AM3, and

M2AM3.

Proof. By Lemma 1.1 of [17], [0, z¡] is a chain from 0 to z¡; hence J( =

[0, z.]  [1 ]. Also z¡ A Mj is an arc chain from 0 to zt and so J¡ = z¡ AM¡ C M¡

AM : when /#/.
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We note that for i +j, M¡ A M¡ is a distributive sublattice of 7 [14].

Suppose pEMxAM2 and p £ (Mx A M3) U (M2 A M3). Letting x¡ =

s¡(p) we have p = xx A x2 A x3 = xx A x2; also p < xx A x3 and p < x2 A x3.

If x3 = z3, then p < xx A z3 E [0, z3] C A/, A M3, contrary to the assumption

that p $ Mx A M3. If x3 =£ z3, then there exists an x E M3 such that x < x3 ;

then xxAx2Ax<p.  Since L has breadth two, xx f\x2 A x = jc, A x or x2

Ax.  Thus, since M3 is order dense, there exists a net {xa}aeA converging to

x3 such that xa < x3 and x, A x2 A xa = xx A xa or x2 A xa.

Thus, for some cofinal subset r C A, x, A x2 A xa = xx A xa for all a G

T or x, A x2 A xa = x2 A xa for all a E T. If x, A x2 A xa = x, A xa for all

a ET, then the net {(x, A xa, p)}a€r converges to (x, A x3, p). Thus x, A

x3 < p < x, A x3. We conclude that pE(MxA M3) U (M2 A M3).

Theorem 4.4. If L is an E-lattice and if A = C\¡^¡{M¡ AM¡), then (i) A

is an arc chain from 0 to 1, and (ii) x.yEA and x <y imply y G M(x)°.

Proof.  Clearly A is a compact chain. By Theorem 4.2, L = (Ai, A Af2)

U (Af2 A M3). Since 7 is unicoherent, then (Ai, A M2) n (A/2 A A/3) is connected.

Again from Theorem 4.2,7 = (A/, A Ai3) U [(AT, A A/2) n (A/2 A M3)] ; thus /I

is connected.

If x, j> G .4 and x < y, then s^x) < s,-^). By Theorem 3.8, Af, A M¡ is

iseomorphic to M¡ x M¡. The image of y, (s¡(y), s¡(y)), is in the interior of

M((s¡(x), Sf(x))). Since L = \J(M¡ A M¡) (i ± j), it follows that y E M(x)°.

The function tA\M¡ is an iseomorphism with inverse s¡\A for i = 1, 2, 3.

For convenience we drop the subscript A.   Note that for each x G 7, both x and

t(s¡(x)) belong to the same chain Aí;- A (s¡(x)) for some / =£ i.  Thus x and t(s¡(x))

are related.

Theorem 4.5. Let L be an E-lattice. Ifx = x, A x3 = x2 A x3 ¥= x, A x2,

where x¡ = s¡(x), then x = t(xx) A x¡  and t(xx ) = r(x2).

Proof. If t(xx) <x, then x E [t(xx), xx] CMXAM2 contrary to x ¥= x,

Ax2. Hencex <i(xj), and sox =Xj Ax3 <r(x,) Ax3 <x, Ax3 =x.  Sim-

ilarly x = r(x2) A x3. Since s, is an isomorphism on AÍ, A Af3 and St(xA = 1,

we have sx(t(xx)) = s,(/(x,))As1(x3) = S!(/(x,)Ax3) = s,(/(x2)Ax3) =

sx(t(x2)). Thusí(x,) = í(x2).

Theorem 4.6. If L and L' are two E-lattices, then L is iseomorphic to L'.

Proof. Let A, M¡, J¡, t, and s¡ be the sets and functions of the preceding

discussion for L with primes denoting the corresponding sets and functions for V.

Let g: A —* A' be any iseomorphism onto A'. We extend g to /: 7 —* 7' by
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(O f\A=g,
(ii) if x E M¡, then f(x) = s¿gr(x)> and

(iii) if x E L\[(\Jf=xM¡) UA], then f(x) = gt(x¡) A s'^Xj), where x =

'(*,) A xf = x¡A Xj = s¡(x) A sf(x).

From Theorem 4.5 we see that/is independent of the representation t(x¡)

A Xj chosen for x. The proof that / is an iseomorphism on each M ¡KM, is sim-

ilar to the proof of Theorem 3.10. If x, y EL, then x,yEM¡A M¡ for some

i ¥= j.  Since / is an isomorphism on M¡ A M¡, then f(x Vy) = f(x) Vf(y) and

f(xAy)=f(x)Af(y).
Example 4.7. Let Tx and T2 be two copies of the unit square I2. We let

L be the topological space obtained by identifying corresponding points of the

region on and between the arcs y = x2 and y = y/x. Thus L consists of five

regions which we identify as follows. Let A¡ = {(x, y)ET¡: 0 <x <1, y/x <

y < 1} and B¡ = {(x, y)ETt: 0 <x <1,0 <y <x2}. The fifth region is Tx

n T2 = {(x, y):0<x< l,x2 <y<y/x}. In §3 we showed that A¡ and B¡

aie each iseomorphic to P = {(x, y)EI2: 0 <x < 1, * <y < 1} and Q =

{(x, y) EI2: 0 <x < 1, 0 <.y <x}. Thus we may considérai U A2 to be a

copy of I2 with Ax = P and A2 = Q. Similarly for Bx U B2 with Bx = Q and

B2=P. '

We now describe a meet operation for L; joins are defined similarly. Let

a, b E L.

Case 1. If a, b E T¡, then a Ab is the meet of a and b in T¡.

Case 2. If a G .41 and b E A2, then a and ô are mapped to P U Q and the

meet of their images is mapped back to Ax U A2 to provide a meet for a and b.

The procedure for aEBx and ô G ß2 is similar.

Case 3. If a G .4 j and b EB2, then we let />' be that point of Bx which

corresponds to b; e.g. (Ü, Va) may be considered a point of Bx or /?2. We com-

pute c = a Ab' in T^. If c$Bx, then c is the meet of a and /> inZ,. If cEBx,

then the corresponding point of B2 is the meet of a and b in L.  The case of a G

.i42 and b EBX is handled similarly.

If Mt = {(jc, 1) ET¡:0<x< 1} and ̂  = {(1,y) E T¡: 0 <j> < 1}, then

the M{ and /lij are the arc chains of meet irreducibles of L.  Also (Mx AM2) C\

(M'XAM2)={0,1}.
In Edmondson's example constructed from four copies of the unit interval,

H i+fMi A Mj) is an arc chain from 0 to 1 [7]. Thus the nice characterization

for lattices L with w(M(L)) < 3 does not generalize directly to lattices L with

w(M(L)) > 3.

Portions of this paper appeared in [11].
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